Abstract: This paper deals with a class of hybrid systems that is presented by mixed logical dynamical (MLD) formalism. This approach is well-adapted to hybrid systems, particularly because of its ability not only to model systems involving continuous and discrete dynamics under constraints, but also to address several issues such as model predictive control (MPC) of this class of systems. This approach will be illustrated by the multivariable modelling of the inverted pendulum system. Therefore, the resultant system is well-posed for MPC strategy. Simulations were effected using the HYSDEL compiler to illustrate the efficiency of this formalism.
Introduction
Several control problems involve hybrid systems (Balbis et al., 2007; Hamiche et al., 2013) , which are systems that include both continuous and discrete variables. Those variables can be derived from sets described by logic elements, such as switching, on/off valves… Different approaches of hybrid systems modelling have been proposed in the literature (Branicky et al., 1998) , for example, finite state machines, hybrid automata…
The transformation of logical relationships into linear constraints on integer variables provides, generally, a model structure called mixed logical dynamical (MLD) formalism (Bemporad and Morari, 1999) . This formalism is adaptable to many hybrid systems, such as systems with mixed inputs and states (continuous and discrete).
MLD structure provides linear dynamical equations in discrete time under constraints expressed by linear inequalities involving real and integer variables. It integrates therefore easily in the standard formulation of problems control estimation. The control structures based on the MLD formalism are essentially based on optimisation techniques for which we seek to minimise a linear or quadratic cost function, especially using the model predictive control (MPC) (Vinodha et al., 2011; Huo et al., 2013) . Those techniques can be solved through mixed integer linear or quadratic programming (MILP/MIQP), for which efficient solvers are available.
This paper is organised as follows: In Section 2, we introduce the basic logical propositions and mixed-integer linear inequalities in order to define the class of MLD systems. Afterward, the MLD modelling of an inverted pendulum system will be studied in Section 3. Therefore, the MPC using MLD approach is presented in Section 4. Later, predictive control of the angular position of the considered system will be discussed in Section 5. Finally, conclusions are given in Section 6.
MLD formalism
MLD formalism is a powerful tool for modelling hybrid dynamical systems in discrete time domain. It appears to be an appropriate framework, not only for describing several classes of hybrid dynamical systems, but also for solving control problems. In fact, it is mainly characterised by its ability to transform logical propositions into equivalent mixed expressions or inequalities (Vlad, 2013; Hammi et al., 2010) .
The principle of this modelling approach consists of associating a binary variable δ ∈ {0, 1} with a logical proposition S, which can be true or false. If S is true, then the binary variable takes the value 1.
In fact, S may be composed by a set of basic propositions connected together by Boolean operators such as AND (∧), OR (∨), NOT (~), or exclusive (⊕), implies (→), if and only if (↔)… In this case, for each S i , i = 1, …, n, is associated δ i , i = 1, …, n, and S may be expressed as inequalities dependent of δ i . For instance, the following propositions and linear constraints are equivalent:
Consequently, this formalism is used for modelling the discrete part of a system, such as: opening/closing switches, discrete mechanisms, speed selectors, etc. However, the link between continuous dynamics and discrete events of the system is established using mixed linear inequalities. In fact, the proposition [f(x) ≥ 0] ↔ [δ = 1] can be expressed by the following inequalities:
where
and ε is a tolerance of negligible value. Products between binary variables and products of continuous and binary variables can be rewritten in mixed linear inequalities form by adding auxiliary variables. In the first case, the term δ 1 δ 2 is replaced by a binary auxiliary variable δ 3 = δ 1 δ 2 , for which we have:
Thus, δ 3 = δ 1 δ 2 is equivalent to: 
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These modelling principles can be used to characterise the behaviour of hybrid systems with mixed logical dynamics. This type of model contains logical variables, dynamics that include continuous and binary variables, and constraints. The general form of MLD models (Williams, 1993) in discrete time can be presented as follows: 
MLD modelling of inverted pendulum system
The system to be studied is an inverted pendulum released in the automatic laboratory of EIVD (School of Engineering of the Canton of Vaud) (Mudry, 2001) . It consists of a cart moving along a linear rail of 153 cm of length and having a pendulum of 40 cm of length which is freely rotatable around a horizontal axis fixed to the cart (Figure 2 ). The inverted pendulum parameters that will be used in this paper are given in Table 1 . A drive system including a DC motor is connected to the cart by a belt. After the application of a control voltage, the motor exerts a longitudinal force F(t), which causes the movement of the cart (Figure 3 ). The drive system parameters and variables that will be used in this paper are given in Table 2 . The operating principle of the system is very simple in theory: to start with, the positive direction of the cart position is chosen to the right, and the positive angle is chosen counterclockwise. Initially, the pendulum is kept at the lowest vertical position (stable equilibrium position), when the cart moves to the right, the pendulum is inclining to the right, and when the cart moves to the left, the pendulum is inclining to the left, so that the pendulum reaches the high vertical position (unstable equilibrium position).
Mathematical modelling of the inverted pendulum
In order to model the system mathematically, Lagrangian method is used (Mao et al., 2013; He et al., 2015) . This method is based on the principle of conservation of mechanical energy. In the literature, most applications have limited the pendulum to one degree of freedom by affixing its pivot to an axis of rotation, for instance, see Bemporad (2012a) , Boulkroune et al. (2008 Boulkroune et al. ( , 2014 and Shaocheng et al. (2004) . Whereas, in this paper, the set {cart, pendulum} can be presented by a system with two degrees of freedom which can be represented by:
• x for the horizontal movement of the cart.
• φ for the angular position of the pendulum.
The Lagrangian is generally defined by the difference between the kinetic energy (Ec) and the potential energy (Ep) of the system:
The Lagrange equations have the following form:
where ξ, D and F j are respectively the degree of freedom (in this case, x(t) or φ(t)), the energy dissipated by the frictions and the generalised force in the sense of the degree of freedom ξ j . The total kinetic energy of the set {cart, pendulum} is given by:
With 2 3 mL J = The potential energy of the system is given by:
The integration of the equations (14) and (15) in (12) yields to:
( 1 6 ) If we consider the degree of freedom ξ j (t) = x(t), equation (13) becomes:
And for the degree of freedom ξ j (t) = φ(t), equation (13) 
Hybrid modelling of the inverted pendulum system: MLD formalism
The equations (17) and (18) contain nonlinearities cosφ and sinφ, that we can approach by piecewise linear functions (Bemporad, 2012a) .
• Linearisation of the sine function: • Linearisation of the cosine function: In this case we have:
As a result, we obtain: Note: If the cart moves to the left then the pendulum is inclining to the left thus φ varies between 0 and π, then we can distinguish two regions:
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With ω = 4μM tot -3mc 2 .
2nd case The cart moves to the right; F applied = F(t):
In this case, we have: Note: If the cart moves to the right then the pendulum is inclining to the right thus φ varies between π and 2π, then we can distinguish two other regions: 
With υ = 4γM tot -3md 2 .
Unlike the study released in Bemporad (2012a) , in which the pendulum was described by two state variables (angular position and angular velocity), in this paper the pendulum can be described by four state variables which are respectively the angular position of the pendulum, its angular velocity, the position of the cart and its velocity, thus:
φ t x t φ t x t X t x t x t x t x t
For each of the four regions, we obtain the following state and output description:
The differential equations (34a) can be discretised using the discretisation technique of the first order (Euler) in which we replace i x by ( 1) ( ) ,
where T is the sampling time.
Taking into account the parameters values introduced in (Mudry, 2001) , the discrete system can be defined as follows: ( 1) ( ) ( ) ( 1) 162.67 ( ) (1 1.13 ) ( 1) ( ) ( ) ( 1) 162.67 ( ) (1 1.13 ) ( ) 29. 25 ( ) 948 ( ) 1020.4 ( 1) ( ) ( ) ( 1) 14 ( ) 0.1 ( ) (1 2.14 ) ( ) 69.4 ( ) 87.77
In order to take into account the boundaries between the different regions, we can define the following auxiliary binary variables: Once the system is determined, the MLD form can be extracted by modelling it with the hybrid systems description language (HYSDEL) (Torrisi et al., 2002) . This language allows the modelling of a class of hybrid systems described by interconnections of linear dynamical systems, automatons, if-then-else propositions and propositional logical rules. For this class of systems, we present some general techniques for the transformation of an abstract representation into a set of linear differential equations under constraints involving both integer and continuous variables.
The resulting model can be used immediately to solve, for example, control problems or as an intermediate step to get other equivalent representations such as PWA and MLD systems.
In our case, the MLD form of the inverted pendulum with four outputs can be presented as following :   1  1  11  21  31  41   2  2  12  22  32  42   3  3  13  23  33  43   4  4  14  24  34  44   1  2  3  4 ( 1) (
Predictive control using MLD approach
MPC, also called receding horizon control or moving horizon control is an advanced control technique of automatic (Mohamed et al., 2015) . It has proven a very important progress in the research field as well as industrial applications. The main advantage of this control technique is represented by the possibility of taking into account the constraints and by its ability to manage those constraints for not only single input single output (SISO) systems, but also for single input multiple output (SIMO) and multiple input multiple output (MIMO) systems, which is essential in industrial applications. Recently, predictive control has been formulated in conjunction with hybrid models. For this type of models, predictive control is determined by a real-time optimisation, for which mixed integer programming methods are used (Bemporad and Morari, 1999) . Concerning the resolution method, according to the optimisation criterion (quadratic or linear), the resultant optimisation problem can be a mixed integer quadratic programming problem (MIQP) or a mixed integer linear programming problem (MILP). Thus, knowing the system equations as well as the performances that must satisfy the hybrid system (including logical constraints), the fundamental problem consists then of defining the control law that either forces the trajectory to follow some required specifications, or stabilises the system to an equilibrium state. For instance, for a system modelled in the MLD form (11) and a given horizon prediction N, and from an initial state x 0 , the optimisation problem amounts to minimise the following criterion (Bemporad and Morari, 1999) :
Subject to: 
• Q i are weighting matrices with appropriate dimensions.
• (x eq , u eq , y eq ) is an equilibrium state/input/output triple and (δ eq , z eq ) is the corresponding pair of auxiliary variables. for p = ∞.
• y min , y max , u min and u max correspond respectively to bounds of the outputs and the inputs.
The MPC stabilises the system in the sense that:
Simulations and results
Supposing that the pendulum is initially placed at , 2 π φ = our goal consists of determining the MPC low that allows the considered system to reach the unstable equilibrium position (highest vertical position) while respecting the conditions introduced in Table 3 . Thus, in order to show the capability of handling a multivariable hybrid control problem, we have defined the angular position, the angular velocity, the cart position and the cart velocity as the system outputs. In fact, a reference trajectory is imposed on the angular position in order to reach the desired position. 
The simulation results will be obtained by using the hybrid toolbox (Bemporad, 2012b) .
The control low must face the following constraints: The resulting input and outputs trajectories of the MPC are shown in the following figures. As it can be seen in Figure 4 , the pendulum angle tracks the given reference signal y 1ref and finally reaches the unstable equilibrium position.
Starting from 0 0 0.7 0 , 2 T π X ⎡ ⎤ = ⎢ ⎥ ⎣ ⎦ we note that the position of the cart increases until it reaches the upper bound (1.53), thus, we note that the pendulum is inclining to the right until it reaches the stable equilibrium position ( Figure 5) . Then, at t = 60, the cart position decreases which means that the cart moves to the left, this movement is accompanied by the move of the pendulum to the left until it reaches the unstable equilibrium position. The angular velocity evolution, the cart velocity evolution and the control voltage that must be applied to the system are respectively shown in Figures 6 to 8. As it can be seen, their values do not exceed the limits given in (51).
Conclusions
In this paper, we have presented a methodology of hybrid modelling of an inverted pendulum system in order to perform an efficient control low that maintains the pendulum in the unstable equilibrium position. The used modelling methodology is based on MLD approach as it appears as a suitable way for modelling hybrid systems and because of its ability to make some models including logical rules solvable by the mathematical programming. On the other hand, the used control strategy is based on MPC so that the angular position of the pendulum could be optimally controlled, while the different velocities and the cart position respect the given constraints.
